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Fractional calculus is a part of the field of mathematics dealing
with derivatives of arbitrary order. Fractional calculus has
been developed from the field of pure mathematics and has
been increasingly studied in various fields. Nowadays, frac-
tional calculus and fractional differential equations have been
applied to many branches of mathematics, physics, chemistry,
biology and engineering [1–4]. More recently, several problems
in mathematical physics and engineering have been modeled
via distributed order fractional differential equations [5–10].The concept of fractional derivative of distributed-order has
been stated by Caputo [6] and later developed by him in
1995 [7]. Recently, much attention has been paid to the dis-
tributed order differential equations and their applications in
engineering fields. For example, the general solution of linear
distributed order differential equation was discussed systemat-
ically in Bagley et al. [8,9], distributed order equations were
introduced in the constitutive equations of dielectric media
[7], and the distributed order fractional kinetics was discussed
in Sokolov et al. [10]. Particularly, the distributed order oper-
ator becomes a more precise tool to explain and describe some
real physical phenomena such as the complexity of nonlinear
systems [11]. Recently, researchers have studied stability
analysis of distributed order fractional differential equations
[12–15].
During the last decade, the fractional differential equations
and the distributed order fractional differential equations have
been solved by means of the numerical and analytical methods
such as the Adomian’s decomposition method [16], the varia-
tional iteration method [17], the homotopy perturbation
method [18,19], the homotopy analysis method [20,21], thes Eng J
2 H. Aminikhah et al.differential transform method [22], the Adams method [23] and
the Analog equation method [24]. In addition, Jumarie derived
definitions for the fractional integral and derivative called
modified Riemann–Liouville derivative which is applicable
for non-differentiable functions, and many authors use this
definition to obtain exact solution of nonlinear fractional dif-
ferential equations [25–28].
The homotopy perturbation method was proposed by He
[29] and was successfully applied to nonlinear oscillators with
discontinuities [30], to nonlinear wave equations [31], to and
boundary value problem [32], and later to nonlinear fractional
differential equations with Caputo differential derivative [33].
Recently, Aminikhah and Biazar [34] and Khan et al. [35] have
proposed a new form of the homotopy perturbation method to
solve ordinary differential equations and ordinary fractional
differential equations. In their approach, the solution is con-
sidered as an infinite series that converges rapidly to exact
solutions. In the present work, we have constructed the solu-
tion using a different approach. In this work, we have obtained
an analytical approximation to the solution of the distributed
order fractional Riccati differential equation, using a combina-
tion of the Laplace Transform and New Homotopy Perturba-
tion Method (LTNHPM).
This paper is organized as follows. In Section 2, we recall
some basic definitions and notations of fractional derivative
operators of single and distribute order and Laplace transform
which are later used in this paper. The basic idea behind the
new method is illustrated in Section 3. Finally, in Section 4,
we first introduce the distributed order fractional Riccati dif-
ferential equation, and then we present three examples of frac-
tional Riccati differential equations as a special type of the
distributed order fractional Riccati differential equation to
illustrate our main result.
2. Basic deﬁnitions
In this Section, we consider the main definitions and properties
of fractional derivative operators of single and distribute
orders which are used in this paper.
Deﬁnition 2.1 [2]. A real function fðtÞ; t > 0, is said to be in
the space Ca; a 2 R if there exists a real number p > a such
that fðtÞ ¼ tpf1ðtÞ, where f1ðtÞ 2 C½0;1Þ and it is said to be in
the space Cna if and only if f
ðnÞ 2 Ca; n 2 N. Clearly Ca 2 Cb if
b > a.
Deﬁnition 2.2 [2]. The left sided Riemann–Liouville fractional
integral operator of order a > 0, of a function f 2 Ca; aP 1
is defined as follows:
JafðtÞ ¼
1
CðaÞ
R t
0
ðt sÞa1fðsÞ ds; a > 0;
fðtÞ; a ¼ 0;
(
ð1Þ
where CðÞ is the well-known Gamma function.
Some of the most important properties of operator Ja for
fðtÞ 2 Ca; a; bP 0 and c > 1 are as follows [2]:
ð1Þ JaJbfðtÞ ¼ JðaþbÞfðtÞ;
ð2Þ JaJbfðtÞ ¼ JbJafðtÞ;Please cite this article in press as: Aminikhah H et al., Approximate analytical solutio
(2016), http://dx.doi.org/10.1016/j.asej.2016.03.007ð3Þ Jatc ¼ Cðcþ 1Þ
Cðaþ cþ 1Þ t
aþc:
Deﬁnition 2.3. Among a variety of definitions for fractional
order derivatives, Caputo fractional derivative has been used
[1,2] since it is suitable for describing various phenomena, since
the initial values of the function and its integer order
derivatives have to be specified, so Caputo fractional derivative
of function fðtÞ is defined as:
DafðtÞ ¼ JnafðtÞ ¼ 1
Cðn aÞ
Z t
0
fðnÞðtÞ
ðt sÞanþ1 ds; ð2Þ
where n 1 < a 6 n; n 2 N; tP 0 and fðtÞ 2 Cn1.
For more details on the geometric and physical interpreta-
tion for fractional derivatives of both the Riemann–Liouville
and Caputo types, see [36].
Deﬁnition 2.4. The Laplace transform of a function fðtÞ; t > 0
is defined as:
L½fðtÞ ¼ FðsÞ ¼
Z 1
0
est fðtÞdt;
where s can be either real or complex. The Laplace transform
L½fðtÞ of the Caputo derivative is defined as:
LfDafðtÞg ¼ saLffðtÞg 
Xn1
k¼0
fðkÞð0þÞsa1k; n 1 < a 6 n:
ð3Þ
Lemma 2.1. If n 1 < a 6 n; n 2 N and kP 0, then we have
L1 1
sa
L t
ka
Cðkaþ 1Þ
  
¼ t
kaþa
Cðkaþ aþ 1Þ ; ð4Þ
where L1 is inverse Laplace transform.
Fractional derivative operator of distributed order, a gener-
alization of the single order Da ¼ da
dta
with respect to nonnega-
tive density function of bðaÞ is defined as:
DbðaÞfðtÞ ¼
Z m
m1
bðaÞ DafðtÞda; m 1 6 a 6 m; m 2 N: ð5Þ
The idea of distributed order is stated by Caputo [6,7]. Further
the Laplace transform of the Caputo distributed order satisfies
LfDbðaÞfðtÞg ¼
Z m
m1
bðaÞ saFðsÞ 
Xm1
k¼0
fðkÞð0þÞsa1k
" #
da
¼ BðsÞFðsÞ 
Xm1
k¼0
1
skþ1
BðsÞfðkÞð0þÞ;
ð6Þ
where FðsÞ is the Laplace transform of fðtÞ and
BðsÞ ¼
Z m
m1
bðaÞsada: ð7Þ
Remark 2.2. If a 2 ð0; 1, then the use of the formula for the
Laplace transform of the Caputo distributed order (6) leads tons of distributed order fractional Riccati diﬀerential equation, Ain Shams Eng J
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s
fð0þÞ; ð8Þ
where
BðsÞ ¼
Z 1
0
bðaÞsada:
Remark 2.3. If bðaÞ ¼ dða lÞ, where 0 < l 6 1 , then
BðsÞ ¼ sl, where dðÞ is the well known Dirac Delta function.3. Basic ideas of the LTNHPM
To illustrate the basic ideas of this method, we construct the
following homotopy:
AðuÞ  fðrÞ ¼ 0; r 2 X; a 2 ð0; 1; ð9Þ
with the following initial condition
uð0Þ ¼ a0; ð10Þ
where A is a general differential operator and fðrÞ is a known
analytical function. The operator A can be divided into two
parts, DbðaÞ and N, where DbðaÞ is a differential operator of
distributed-order fractional and N is a nonlinear operator.
Therefore, (9) can be rewritten as
DbðaÞuþNðuÞ  fðrÞ ¼ 0; 0 < a 6 1: ð11Þ
By the NHPM [37], we construct a homotopy
Vðr; pÞ : X ½0; 1 ! R, which satisfies
HðV; pÞ ¼ ð1 pÞ½DbðaÞV u0 þ p½AðVÞ  fðrÞ ¼ 0;
p 2 ½0; 1; r 2 X; ð12Þ
or equivalently,
HðV; pÞ ¼ DbðaÞV u0 þ pu0 þ p½NðVÞ  fðrÞ ¼ 0; ð13Þ
where p 2 ½0; 1 is an embedding parameter, u0 is an initial
approximation for the solution of (9). Clearly, we have from
Eqs. (12) and (13)
HðV; 0Þ ¼ DbðaÞV u0 ¼ 0; ð14Þ
HðV; 1Þ ¼ AðVÞ  fðrÞ ¼ 0: ð15Þ
By applying the Laplace transform on both sides of (13), we
have
LfDbðaÞV u0 þ pu0 þ p½NðVÞ  fðrÞg ¼ 0: ð16Þ
Using of (8), we have
BðsÞLfVg  BðsÞ
s
Vð0Þ ¼ Lfu0  pu0  p½NðVÞ  fðrÞg; ð17Þ
or
LfVg ¼ 1
s
Vð0Þ þ 1
BðsÞ fLfu0  pu0  p½NðVÞ  fðrÞgg: ð18Þ
By applying the inverse Laplace transform on both sides of
(18), we have
V ¼ Vð0Þ þ L1 1
BðsÞ Lfu0  pu0  p½NðVÞ  fðrÞg
 
: ð19ÞPlease cite this article in press as: Aminikhah H et al., Approximate analytical solutio
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parameter p as a small parameter, and assume that the solution
of Eq. (19) can be written as a power series in p:
V ¼
X1
i¼0
pi Vi; ð20Þ
where Vi; i ¼ 0; . . . are functions which should be determined.
Suppose that bðaÞ ¼ dða lÞ, where 0 < l 6 1 and the initial
approximation of the solutions of Eq. (9) when
bðaÞ ¼ dða lÞ is in the following form:
u0 ¼
X1
i¼0
ai
Cðilþ 1Þ t
il; ð21Þ
where ai; i ¼ 0; . . . are functions which must be computed.
According to Remark 2.3 and substituting (20) and (21) into
(19) and equating the coefficients of p with the same powers
leads to
p0 : V0 ¼ Vð0Þ þ L1 1
sl
L
X1
i¼0
ai
Cðilþ 1Þ t
il
( )( )
;
p1 : V1 ¼ L1 1
sl
L 
X1
i¼0
ai
Cðilþ 1Þ t
il  ½NðV0Þ  fðrÞ
( )( )
;
p2 : V2 ¼ L1  1
sl
L NðV0;V1Þf g
 
;
p3 : V3 ¼ L1  1
sl
L NðV0;V1;V2Þf g
 
;
..
.
p j : Vj ¼ L1  1
sl
L NðV0;V1;V2; . . . ;Vj1Þ
  
;
..
.
ð22Þ
Now if we solve these equations in such a way that V1 ¼ 0,
then Eqs. (22) result in
V2 ¼ V3 ¼ . . . ¼ 0:
Therefore the exact solution may be obtained as the following:
u ¼ V0 ¼ Vð0Þ þ L1 1
sl
L
X1
i¼0
ai
Cðilþ 1Þ t
il
( )( )
¼ Vð0Þ þ
X1
i¼0
ai
Cðilþ lþ 1Þ t
ilþl: ð23Þ4. Distributed order fractional Riccati differential equation
The nonlinear distributed order fractional Riccati differential
equation is
DbðaÞu ¼ RðtÞu2 þQðtÞuþ PðtÞ; t > 0; 0 < a  1; ð24Þ
with the initial condition
uð0Þ ¼ u0: ð25Þ
The nonlinear term in Eq. (24) is u2 and PðtÞ; QðtÞ and RðtÞ
are the known functions. If bðaÞ ¼ dða 1Þ, the distributedns of distributed order fractional Riccati diﬀerential equation, Ain Shams Eng J
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Riccati differential equation. The importance of this equation
usually resides in the optimal control problems [38]. Further-
more, if bðaÞ ¼ dða lÞ; ð0 < l  1Þ, then the distributed
order fractional differential Eq. (24) converts to fractional dif-
ferential equation. Many researchers have used various numer-
ical and analytical methods to solve the fractional Riccati
equation. For example, Momani and Shawagfeh solved the
fractional Riccati differential equation by means of the Ado-
mian’s decomposition method [39], Cang et al. [40] applied
the homotopy analysis method for the Riccati differential
equation of fractional order and Abdel-Salam and Gumma
in [27] find exact solution for this equation with constant coef-
ficient by using modified Riemann–Liouville derivative.
To illustrate the ability and reliability of the method for the
distributed order Riccati differential equation, when the
weighting function is bðaÞ ¼ dða lÞ some examples are pro-
vided. The results reveal that the method is very effective
and simple.
Example 1. Consider the following fractional Riccati
equation:DluðtÞ ¼ u2ðtÞ þ 1; t > 0; ð26Þ
with the initial condition
uð0Þ ¼ 0;
where 0 < l  1 and the exact solution when l ¼ 1, is
uðtÞ ¼ e
2t  1
e2t þ 1 : ð27Þ
The Taylor expansion of uðtÞ about t ¼ 0 gives
uðtÞ ¼ t 1
3
t3 þ 2
15
t5  17
315
t7 þ 62
2835
t9  . . . :
To solve Eq. (26) by the LTNHPM, we construct the following
homotopy
DlVðtÞ  u0ðtÞ þ pðu0ðtÞ þ V2ðtÞ  1Þ ¼ 0: ð28Þ
Applying the Laplace transform on both sides of (28), we have
slLfVðtÞg  sl1Vð0Þ ¼ Lfu0ðtÞ  p½u0ðtÞ þ V2ðtÞ  1g; ð29Þ
ora0¼ 1; a1¼ 0; a2¼2
2lCðlþ1=2Þ
ð ﬃﬃﬃpp Cðlþ1ÞÞ ; a3¼ 0 a4¼ 22
2lCðlþ1=2ÞC
ðCð3lþ1Þ ﬃﬃﬃpp Cð
a6¼1
8
22lC lþ 1
2
 	
32C 4lþ1ð ÞC 6lþ1ð ÞC 3lþ1ð Þp3þ C lþ1ð Þð Þ2C 5lð

C lþ1ð Þð Þ3C 5lþ1ð
a7¼ 0; . . . :
Please cite this article in press as: Aminikhah H et al., Approximate analytical solutio
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s
Vð0Þ þ 1
sl
fLfu0ðtÞ  p½u0ðtÞ þ V2ðtÞ  1gg:
ð30Þ
By applying the inverse Laplace transform on both sides of
(30) and from the initial condition Vð0Þ ¼ 0, we have
VðtÞ ¼ L1 1
sl
L u0ðtÞ  p½u0ðtÞ þ V2ðtÞ  1
  
: ð31Þ
Substituting Eq. (20) into Eq. (31), collecting the same powers
of p and equating each coefficient of p to zero, results in
p0 : V0ðtÞ ¼ L1 1
sl
Lfu0ðtÞg
 
;
p1 : V1ðtÞ ¼ L1 1
sl
Lfu0ðtÞ þ V20ðtÞ  1g
 
;
p2 : V2ðtÞ ¼ L1 1
sl
LfV21ðtÞg
 
;
p3 : V3ðtÞ ¼ L1 1
sl
LfV22ðtÞg
 
;
..
.
p j : VjðtÞ ¼ L1 1
sl
LfV2j1ðtÞg
 
;
..
.
ð32Þ
Assume u0ðtÞ ¼
P1
i¼0
ai
Cðilþ1Þ t
il. Solving the above equation for
V1ðtÞ leads to the result
V1ðtÞ ¼ 1 a0C lþ 1ð Þ
 
tl  a1
C 2lþ 1ð Þ
 
t2l
 2
2la20C lþ 12
 	þ a2 ﬃﬃﬃpp C lþ 1ð Þ
C 3lþ 1ð ÞC lþ 1ð Þ ﬃﬃﬃpp
 !
t3l
 2a0a1C 3lþ 1ð Þ þ C 2lþ 1ð ÞC lþ 1ð Þa3
C 2lþ 1ð ÞC lþ 1ð ÞC 4lþ 1ð Þ
 
t4l
 a4
C 5lþ 1ð Þ þ 2
a0a2C 4lþ 1ð Þ
C lþ 1ð ÞC 3lþ 1ð ÞC 5lþ 1ð Þ

þ 1
8
ﬃﬃﬃ
2
p
C lþ 1
4
 	
C lþ 3
4
 	
44lþ1a21C lþ 1ð ÞC lþ 12
 	
p
3
2C 5lþ 1ð Þ C 2lþ 1ð Þð Þ2
!
t5l
þ . . . :
By vanishing of V1ðtÞ the coefficients ai; ði ¼ 0; 1; 2; . . .Þ are
determined asð4lþ1Þ
lþ1Þ2Þ ; a5¼ 0;
þ1Þ ﬃﬃﬃ2p C lþ 5
6
 	
C lþ 2
3
 	
C lþ 1
6
 	
C lþ 1
3
 	
C lþ 1
2
 	 	2
6
1
2þ6l22l

Þp72 C 3lþ1ð Þð Þ2 ;
ns of distributed order fractional Riccati diﬀerential equation, Ain Shams Eng J
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uðtÞ ¼ V0ðtÞ
¼ a0t
l
Cðlþ 1Þ þ
a1t
2l
Cð2lþ 1Þ þ
a2t
3l
Cð3lþ 1Þ þ
a3t
4l
Cð4lþ 1Þ
þ . . .
¼ t
l
Cðlþ 1Þ þ
22lCðlþ 1
2
Þt3lﬃﬃﬃ
p
p
Cðlþ 1ÞCð3lþ 1Þ
þ 2 2
2lCðlþ 1=2ÞCð4lþ 1Þt5l
ðCð3lþ 1Þ ﬃﬃﬃpp Cðlþ 1Þ2ÞCð5lþ 1Þ þ . . . : ð33Þ
Now, if we put l ¼ 1 in (33), we obtain
uðtÞ ¼ t 1
3
t3 þ 2
15
t5  17
315
t7 þ 62
2835
t9  . . . :
this in the limit of infinitely many terms, yields the exact solu-
tion of (26) when l ¼ 1. Also, Abdel-Salam and Yousif in [28]
find exact solution for Eq. (26) by using modified Riemann–
Liouville derivative.
Example 2. Consider the following fractional Riccati
equation:
DluðtÞ ¼ 2uðtÞ  u2ðtÞ þ 1; t > 0; ð34Þ
with the initial condition
uð0Þ ¼ 0;
where 0 < l  1 and the exact solution when l ¼ 1, is
uðtÞ ¼ 1þ
ﬃﬃﬃ
2
p
tanh
ﬃﬃﬃ
2
p
tþ 1
2
ln
ﬃﬃﬃ
2
p  1
1þ ﬃﬃﬃ2p
 ! !
: ð35Þ
The Taylor expansion of uðtÞ about t ¼ 0 gives
uðtÞ ¼ tþ t2 þ 1
3
t3  1
3
t4  7
15
t5  7
45
t6 þ 53
315
t7 þ 71
315
t8 þ . . . :
To solve Eq. (34) by the LTNHPM, we construct the following
homotopy
DlVðtÞ  u0ðtÞ þ pðu0ðtÞ  2VðtÞ þ V2ðtÞ  1Þ ¼ 0: ð36Þ
Applying the Laplace transform on both sides of (36), we have
slLfVðtÞg  sl1Vð0Þ ¼ Lfu0ðtÞ  p½u0ðtÞ  2VðtÞ
þ V2ðtÞ  1g; ð37Þ
or
LfVðtÞg ¼ 1
s
Vð0Þ þ 1
sl
fLfu0ðtÞ  p½u0ðtÞ  2VðtÞ
þ V2ðtÞ  1gg: ð38Þ
By applying the inverse Laplace transform on both sides of
(38) and from the initial condition Vð0Þ ¼ 0, we have
VðtÞ ¼ L1 1
sl
Lfu0ðtÞ  p½u0ðtÞ  2VðtÞ þ V2ðtÞ  1g
 
:
ð39Þ
Substituting Eq. (20) into Eq. (39), collecting the same powers
of p, and equating each coefficient of p to zero, results inPlease cite this article in press as: Aminikhah H et al., Approximate analytical solutio
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sl
Lfu0ðtÞg
 
;
p1 : V1ðtÞ ¼ L1 1
sl
Lfu0ðtÞ  2V0ðtÞ þ V20ðtÞ  1g
 
;
p2 : V2ðtÞ ¼ L1 1
sl
Lf2V1ðtÞ þ V21ðtÞg
 
;
p3 : V3ðtÞ ¼ L1 1
sl
Lf2V2ðtÞ þ V22ðtÞg
 
;
..
.
p j : VjðtÞ ¼ L1 1
sl
Lf2Vj1ðtÞ þ V2j1ðtÞg
 
;
..
.
ð40Þ
Assume u0ðtÞ ¼
P1
i¼0
ai
Cðilþ1Þ t
il. Solving the above equation for
V1ðtÞ leads to the result
V1ðtÞ ¼ 1þ a0C lþ 1ð Þ
 
tlþ a1þ 2a0
C 2lþ 1ð Þ
 
t2l
þ 2
2la20C lþ 12
 	þ ﬃﬃﬃpp a2þ 2a1ð ÞC lþ 1ð Þﬃﬃﬃ
p
p
C 3lþ 1ð ÞC lþ 1ð Þ
 !
t3l
þ 2a0a1C 3lþ 1ð ÞþC lþ 1ð ÞC 2lþ 1ð Þ 2a2 a3ð Þ
C lþ 1ð ÞC 2lþ 1ð ÞC 4lþ 1ð Þ
 
t4l
þ 2 a0a2C 4lþ 1ð Þ
C 5lþ 1ð ÞC 3lþ 1ð ÞC lþ 1ð Þ

 1
32
ﬃﬃﬃ
2
p
C lþ 1
4
 	
C lþ 3
4
 	
44lþ2a21C lþ 1ð ÞC lþ 12
 	
p
3
2C 5lþ 1ð Þ C 2lþ 1ð Þð Þ2
þ 2a3 a4
C 5lþ 1ð Þ

t5lþ . . . :
By vanishing of V1ðtÞ the coefficients ai; ði ¼ 0; 1; 2; . . .Þ are
determined as
a0 ¼ 1; a1 ¼ 2; a2 ¼
22lC lþ 1
2
 	þ 4 ﬃﬃﬃpp C lþ 1ð Þﬃﬃﬃ
p
p
C lþ 1ð Þ ;
a3 ¼ 2
2 ﬃﬃﬃpp C 3lþ 1ð Þ  C 2lþ 1ð Þ22lC lþ 1
2
 	þ 4C 2lþ 1ð Þ ﬃﬃﬃpp C lþ 1ð Þ
C 2lþ 1ð Þ ﬃﬃﬃpp C lþ 1ð Þ
 !
; . . . :
Therefore we gain the solution of Eq. (34) as
uðtÞ ¼ V0ðtÞ ¼ a0t
l
Cðlþ 1Þ þ
a1t
2l
Cð2lþ 1Þ þ
a2t
3l
Cð3lþ 1Þ þ
a3t
4l
Cð4lþ 1Þ
þ . . . ¼ t
l
Cðlþ 1Þ þ
2t2l
Cð2lþ 1Þ þ
22lC lþ 1
2
 	þ 4 ﬃﬃﬃpp C lþ 1ð Þt3lﬃﬃﬃ
p
p
C lþ 1ð ÞCð3lþ 1Þ
þ 4
ﬃﬃﬃ
p
p
C 3lþ 1ð Þ  2C 2lþ 1ð Þ22lC lþ 1
2
 	þ 8C 2lþ 1ð Þ ﬃﬃﬃpp C lþ 1ð Þt4l
C 2lþ 1ð Þ ﬃﬃﬃpp C lþ 1ð ÞC 4lþ 1ð Þ þ . . . :
ð41Þ
Now, if we put l ¼ 1 in (41), we obtain
uðtÞ ¼ tþ t2 þ 1
3
t3  1
3
t4  7
15
t5  7
45
t6 þ 53
315
t7 þ 71
315
t8 þ . . . :
this in the limit of infinitely many terms, yields the exact solu-
tion of (34) when l ¼ 1.
Example 3. Consider the following fractional Riccati
equation:
DluðtÞ ¼ u2ðtÞ þ t2l; t > 0; ð42Þ
with the initial conditionns of distributed order fractional Riccati diﬀerential equation, Ain Shams Eng J
tFigure 1
6 H. Aminikhah et al.uð0Þ ¼ 1;
where 0 < l  1 and the exact solution when l ¼ 1, is
uðtÞ ¼
t J3
4
t2
2
 
C 1
4
 	þ 2J3
4
t2
2
 
C 3
4
 	 
J1
4
t2
2
 	
C 1
4
 	 2J1
4
t2
2
 	
C 3
4
 	 : ð43Þ
The Taylor expansion of uðtÞ about t ¼ 0 gives
uðtÞ ¼ 1þ tþ t2 þ 4
3
t3 þ 7
6
t4 þ 6
5
t5 þ 37
30
t6 þ 404
315
t7 þ 369
280
t8
þ 428
315
t9 þ . . . :
To solve Eq. (42) by the LTNHPM, we construct the following
homotopy
DlVðtÞ  u0ðtÞ þ pðu0ðtÞ  V2ðtÞ  t2lÞ ¼ 0: ð44Þ
Applying the Laplace transform on both sides of (44), we have
slLfVðtÞg  sl1Vð0Þ ¼ Lfu0ðtÞ  p½u0ðtÞ  V2ðtÞ  t2lg;
ð45Þ
or
LfVðtÞg ¼ 1
s
Vð0Þ þ 1
sl
fLfu0ðtÞ  p½u0ðtÞ  V2ðtÞ  t2lgg:
ð46Þ
By applying the inverse Laplace transform on both sides of
(46) and from the initial condition Vð0Þ ¼ 1, we have
VðtÞ ¼ L1 1
s
þ 1
sl
Lfu0ðtÞ  p½u0ðtÞ  V2ðtÞ  t2lg
 
: ð47Þ
Substituting Eq. (20) into Eq. (47), collecting the same powers
of p and equating each coefficient of p to zero, results in
p0 : V0ðtÞ ¼ 1þ L1 1
sl
Lfu0ðtÞg
 
;
p1 : V1ðtÞ ¼ L1 1
sl
Lfu0ðtÞ  V20ðtÞ  t2lg
 
;
p2 : V2ðtÞ ¼ L1 1
sl
LfV21ðtÞg
 
;
p3 : V3ðtÞ ¼ L1 1
sl
LfV22ðtÞg
 
;
..
.
p j : VjðtÞ ¼ L1 1
sl
LfV2j1ðtÞg
 
;
..
.
ð48Þ
Assume u0ðtÞ ¼
P1
i¼0
ai
Cðilþ1Þ t
il. Solving the above equation for
V1ðtÞ leads to the result
V1ðtÞ ¼  1þ a0C lþ 1ð Þ
 
tl þ a1 þ 2a0
C 2lþ 1ð Þ
 
t2l
þ C 2lþ 1ð Þ þ 2a1  a2
C 3lþ 1ð Þ þ
a0
222lC lþ 1=2ð Þ
C 3lþ 1ð ÞC lþ 1ð Þ ﬃﬃﬃpp
 
t3l
þ ð2 a0a1C 3lþ 1ð Þ
C lþ 1ð ÞC 2lþ 1ð ÞC 4lþ 1ð Þ þ
a3 þ 2a2
C 4lþ 1ð ÞÞt
4l
þ 1
2
ﬃﬃﬃ
2
p
C lþ 1
4
 	
C lþ 3
4
 	
44la21C lþ 1ð ÞC lþ 12
 	þ 2p32 C 2lþ 1ð Þð Þ2 2a3  a4ð Þ
p
3
2C 5lþ 1ð Þ C 2lþ 1ð Þð Þ2
 
þ2 a0a2C 4lþ 1ð Þ
C lþ 1ð ÞC 3lþ 1ð ÞC 5lþ 1ð Þ

t5l þ . . .Please cite this article in press as: Aminikhah H et al., Approximate analytical solutio
(2016), http://dx.doi.org/10.1016/j.asej.2016.03.007By vanishing of V1ðtÞ the coefficients ai; ði ¼ 0; 1; 2; . . .Þ are
determined as
a0¼ 1; a1¼ 2;
a2¼
ﬃﬃﬃ
p
p
C lþ1ð ÞC 2lþ1ð Þþ4 ﬃﬃﬃpp C lþ1ð Þþ22lC lþ1=2ð Þﬃﬃﬃ
p
p
C lþ1ð Þ ;
a3¼ 4 C 3lþ1ð ÞC lþ1ð ÞC 2lþ1ð Þ
þ2
ﬃﬃﬃ
p
p
C lþ1ð ÞC 2lþ1ð Þþ4 ﬃﬃﬃpp C lþ1ð Þþ22lC lþ1=2ð Þﬃﬃﬃ
p
p
C lþ1ð Þ ; . . .
Therefore we gain the solution of Eq. (42) as
uðtÞ ¼ V0ðtÞ ¼ a0t
l
Cðlþ 1Þ þ
a1t
2l
Cð2lþ 1Þ þ
a2t
3l
Cð3lþ 1Þ þ
a3t
4l
Cð4lþ 1Þ
þ . . .¼ t
l
Cðlþ 1Þ þ
2t2l
Cð2lþ 1Þ
þ
ﬃﬃﬃ
p
p
C lþ 1ð ÞC 2lþ 1ð Þ þ 4 ﬃﬃﬃpp C lþ 1ð Þ þ 22lC lþ 1=2ð Þt3lﬃﬃﬃ
p
p
C lþ 1ð ÞCð3lþ 1Þ
þ 4C 3lþ 1ð Þ
C lþ 1ð ÞC 2lþ 1ð Þ

þ 2
ﬃﬃﬃ
p
p
C lþ 1ð ÞC 2lþ 1ð Þ þ 4 ﬃﬃﬃpp C lþ 1ð Þ þ 22lC lþ 1=2ð Þﬃﬃﬃ
p
p
C lþ 1ð Þ
 
 t
4l
Cð4lþ 1Þ þ . . . : ð49Þ
Now, if we put l ¼ 1 in (49), we obtain
uðtÞ ¼ 1þ tþ t2 þ 4
3
t3 þ 7
6
t4 þ 6
5
t5 þ 37
30
t6 þ 404
315
t7 þ 369
280
t8
þ 428
315
t9 þ . . . :
this in the limit of infinitely many terms, yields the exact
solution of (42) when l ¼ 1 (see Figs. 1–3).ns of distributed order fractional Riccati diﬀerential equation, Ain Shams Eng J
Figure 2
Figure 3
Approximate analytical solutions of distributed order fractional Riccati differential equation 75. Conclusion
In this paper, we have introduced a combination of Laplace
Transform and New Homotopy Perturbation Methods
(LTNHPM) for solving a special class of distributed order Ric-
cati equation. In the present method, unlike the well known
HPM, there is no need to solve several recurrence distributed
order differential equations. Comparing the approximate solu-
tion with its exact solution when l ¼ 1 shows the applicability,
accuracy and efficiency of LTNHPM in solving nonlinear frac-
tional Riccati equation. A clear conclusion can be drawn from
the results that the LTNHPM provides an efficient method toPlease cite this article in press as: Aminikhah H et al., Approximate analytical solutio
(2016), http://dx.doi.org/10.1016/j.asej.2016.03.007handle nonlinear differential equations of distributed order.
The computations associated with the examples were per-
formed using Maple 13.
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